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But the first three terms of the series, Uq, m,, u^, &c., are u^ = 1, m, = 
1, and W2 = 2. Hence, putting a; — o, we have Au, =1, aad i'«9 = l, 
.-. J. = — landP=--l. 

■•■».=''.c-^)"+''.(^r- 

When i» = <? Mo = ^\ + ^2 = !• ^nd when 

...^. = ^_+^,and6^,=.W^. 

. «, = (5+T/5)(l+i/5r+ ( 5-^5)(l-i/5V- 
' ■ " 10 (2f 



PROBLEM.— TO FIND TEE BELATION BETWEEN THE 
MEAN ANOMALY AND THE TRUE ANOMALY. 



BY PEOF. JOSEPH FICKLIH, COLUMBIA., MO. 

'Lit ED F ho thp orbit pf the planet, having the sun in the focns at S. 

Put a=GF., b=C O., and from 8 as a center 
and a radius 8 A equal to i/a^, describe the 
circumference of a circle; then the circle and 
the ellipse will contain equal areas. 

At the same time that the planet departs 
from ^', the perihelion, let a body begin to 
move with a uniform motion from A through 
the circumference ABU, and perform a 
whole revolution in the same time that the 
planet describes the ellipse. Suppose the 
body describing the circle to be at B when 
the planet is at D\ the angle A8B\s, the 
mean anomaly, and E 8D the true anomaly. 

Put X = the angle E8D, and ^ = ^ SB; then the area of A 8B is 

A8^ e^^e 

2 ' 2' ' 
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Put r = radius- vector of the ellipse, then the area of BSD will be 

l-Jr^dx; . ' . ^A^ =^j'r'dx, or ah d ^jr^dx (1) 

The polar equation of the ellipse, the focus being at the pole, is 

r = -—-^ ; . • . (r^dx=^'f-—^—- (2) 

l+^COBO! ' J ■^J{l+oCO&xf ^' 

Assume f,^^^ = 4:^^ + ^/Vr^^ 

^ (1+e cos a?)'' l+ecos* •/ 1+e cos a; 

Taking the differential coefficients, we have 



1 A cos X (1+ecos x)-\-A e sin' x ^(l+ecosa;) 

(1+e cos 03)2 (I+e cos xf (l+e cos xf ' 

. • . 1=4 cos X (1+e cos x)-\-A 6 sin* x+B (^-^-e cos x) 

=:A cos x+A e cos^ x+A e sin* x+£+B e cos x= {A+£e) coax+ Ae+2s. 

Equating like powers of (cosa;), we have A-i-Be=o, andAei-B=i; 
whence 

£ = ,-!-„ and A= ^ - 



1— ^' ~1— e=>' 

dx e sin a? , 1 C dx 



r dx e sin a? , 1 /' 

' J li+ecosxf ~ 1 — ^ * l+^cosa; 1 — e^Jl- 



-f 



\].+6cosxf 1 — ^ l+^cosa; 1 — eVl-f^coea;* 

Put y = co8 x; then 

ax^- ^y .andf. ^^ = -r ii 

Vl—y^ ^ l+dcosa! -^ (l+6y)Vl^i 

Again, put 1—y^ — (1— y)'s''; 

/» dz ^ C ^^ 



2 r \l—e'~' 



' <e» 
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2 



-e)j 1 



(1 + . 



dz 



e 

2 



V(l-^e){l-e)J 1+/ ir+^_ \ 

2 r V^'^'^ 



- Jl ^.2(73, - — P' ^ ^'" ^ ilAr=l_^ I /; 

" 2J 2(1— 62)(l + ecosa;) 2(1— e^i^^? 



^^ e sin j» p^ 






2(1— e2)(l + ecosaj) (1— e')f '^ VVi—^'i—^/ 

►i2 



2(1-6^X1+6 cos «) (1—6^)1 ^ \'l=^-l_co6«5^ 



— _ i^' ^ "" a' j>' taiip--! /I + « 2 cos2 ^x , p 

2(1-6^X1 + 6 cos ^) (1-6^)1 • ^ VriT^ T^^lx'^ 

= - ^^A!HL^_^ _ .^L^ . tang- (JL±f . cot i ^)+ ^ 
2(l--e2)(i+ecosi») (1—6^)1 ^ \\i — e I 

When a!=0) area E 8 JD^^o; . • . from this equation 

" = - -(1^ 4+^5 whence.67= -^^i^, 
and, therefore, the general expression for the area E 8 D is 
1 C 2 T ^2 6 sin a? ^9^ 4-1 

(Jl±:^coti<.)+_J?liL^ 

V\'l_e ^ /^ 2(1—6^)1 

Substituting this value of ir^ (?« in (1) we obtain 

(1-6^)1 (1— 6^X1 +6 cos a;) (1—62)1 •^'^ng 



(^/lif.cotl.); 
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but^^ = ^, and 1-e- ^,, or, (l-^^t = ^; • " --.^^^ = ^ "" P 



0.^' a''' ' ~ ' a-*' (1 

a h, and the above equation becomes 
5^ (3 sin a? 



abO =^ ain — 



or, a a := an • 



— ah tang-^ M ^ + ^ . cot |- a? V 
— atanff-i f-*/L+f . cotl* ), 



14-ecos« 
5 e sin a? 



or, 6 :=7i: ■ 



he sin X 

a(l-f ecosa;) 



— tang-i (^'l+i.cot 



^x. 



(3); 



and this is the relation existing between the mean anomaly and the true 
anomaly. 

SOLTJTIOJ^ OF A QUESTION INYOLYINO A MINIMUM. 



The following jjroblem is found in the Mathematical Monthly, (Eunlde's) ; 
"Find a point, 6*, within a triangle, such that 6* J."+6'^"+ 6> C"= a 
minimum." 

[The solution tliere given is a good one ; but a friend of mine, in the United States Coast Survey, dreamed 
out the sohition helOMs and conveyed it to paper in the morning. I give it for publication; hut he disallows 
the use of his name.] 

\Notation seen from the figure.'] 

*"+2/''+s"^a minimum. 
Let m at first be constant, y and z 
vary. 

.-. y'^Hy+z^'-^dz^o. (1) 
Now dy=x d 6 sin y, from infinites- 
imal triangle 

similarly d z= — a? d d sin ^. 
Substituting in (1) 

xdd (j/"-i sin y—z"-^ sin ^) =0. 



y 



i-i 



sin |9 sin y 
If X also vary wo have —. — = -^ 




sin a sin/3 sin y 

If n=l, a=^=r, each = 120«. 

X _ y z 



Ifn=2, 



sin a sm/s sm j" 
that is, the point is the center of gravity of the triangle. 
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